Sequential quasi credibility for scale
dispersion models

‘Zinoviy Landsman and Udi Makov
Department of Statistics, University of Haifa

Abstract
The sequential approach to credibility, developed in Landsman and
Makov (1999a,b) is extended to the scale dispersion family, which
contains distributions often used in actuarial science: Log-normal,
Weibull, half Normal, Stable, to mention only a few. For members of

this family a sequential quasi credibility formula is devised , which
can also be used for heavy tailed claims.

1 Inti'o duction

In this paper we extended the sequential approach to a problem of credibil-
ity evaluation, recently developed in (Landsman and Makov (1999a,b)) and
applied there for a location dispersion family, to a scale-dispersion family
(SDF). We consider SDF in it's most general form (Jorgensen (1997), Sect.
1.4.2 ) as follows

dPyy = a(N)z exp(Mu(fz))dz, =€ Ry (1)

Here 8 € R, is the risk parameter of Fj ,, the distribution of the claim size
X, and A € R, is a dispersion parameter. SDF containg many popular dis-
tributions. For example the lognormal family, frequently used successfully to
represent loss data, is a member of SDF, with u(z) = —%In®*z. A consider-
ably rich 3-parameter class of SDF was introduced by Fergusson (1962),

b
APy = 02 exp(A(71a(a8) - (26)), 2
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Distribution Y A
Gamma 1 A€ R,
Weibull y>0]|1
Stable -1 1/2
Uniform(U([0,6]) | — oo | 1/
Half-normal 2 1/2

Table 1:

including many popular models.

Fergusson’s Family

Here v € R\{0} is a shape parameter.

Varying with v and sometimes with A one may obtain different models, some
of which are given in the Table 1.

Notice that a scale family, where only 1 parameter, scale, is specified, can
be considered as SDF with A = 1.

Remark 1 We either assume that ) is known a priori, or, if not, several
alternatives are available. In Landsman and Makov (1998, 1999c, 2000) the

following cases were considered:

1. The prior density of A, g()), s known.

2. g(A) i3 not specified, however, the first two moments of A is knoun.

8. g()) is not specified, but the probability that the claim X exceeds a
given threshold T' is known.

4. A non-Bayesian approach: X is established by the method of moments or
MLE (see Londsman and Makov (1998)). For example, for lognormal
claims MLE of )\ can be obtained straightforwardly

= (= Y )

where

i=]1

L

9,. = (H JI,')_I/H :

i=]1
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Let

I
T 4=

be the average of n years of individual experience z;,...,z, , and m is the
collectjve fair premium. The traditional linear credibility formula.

fn = (1~ a)m + oy (3)
provides, in the Bayesian set up, the exact predicted mean.
(1 — an)m + 0Ty = E(Tna1 | 21,32, ... T0) (4)

This equality holds only for the class of distributions P, belonging to the
Egponential Dispersion Family (EDF), i.e., having the form

dPs\ = f(z | 9, \)dz =+ g\ (x)dz,6 e © Cc R, e Rt, (5)

© = {8 | Ak(f) = In [ eg\(2)dr < oo} ( Herzog (1994), Kaas, Dannen-
burg, Goovaerts (1997), Nelder and Verrall (1997), Landsman and Makov
(1998)). The prior distribution #(8), which produces (4), is called a conju-
gate prior distribution and has the form

dr () ox enol@od—k(E))

In this context m = fg u(8) w(6)d0, where p = u(f) = E(X|) is the mean
of the claim size X. For references on the EDF see Tweedie (1984), Nelder
and Wedderburn (1972) and Jorgensen (1986, 1987, 1992, 1997).

For claim distributions which are not members of the EDF the predicted
mean is no longer linear with respect to the data (see Diaconis and Ylvisaker
(1979)) and the identity between the predicted mean claim and the linear
credibility formula is no longer true. Landsman and Makov (1999a,b) ex-
ploited a relationship between the standard linear credibility formula and
stochastic approximation and suggested a sequential approach to credibil-
ity. This approach led to generalized sequential credibility formulas for the
Location Dispersion and Symmetric Location Dispersion Families (LDF and
SLDF). In the current paper we will extend this approach to the SDF.

Let us recall the main futures of stochastic approximation, originally pro-
posed by Robbins and Monroe (1951), a methodology aimed at finding the
root of a function which is neither known nor directly observable.

3
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Let g(t) be a trend of some stochastic process Z(t) with a unique root 7
ie.

o(t) = B2(t) = [ of (alt) s,

g(t) =0,

where f(x | t) is the probability density function of Z(t).
Stochastic approximation theory examines the random sequence tyt;....,

in which #g is an arbitrary number and ty,%s,..., are evaluated in terms of the
observed Z;(t1), Zs(t), ..., by

toyl = tn — anZn(tn): (6)

where a,, is a gain sequence of positive numbers. The convergence of (6) was
established under various conditions. See Gladyshev (1965) for a possible set
of conditions.

Over the years, stochastic approximation has been extensively studied

and proved to be a powerful and useful tool. For a recent reference see
Kushner and Yin (1997).
In Landsman and Makov (1999a) the generalized sequential credibility

formula was introduced as a variant of stochastic approximation that corre-
sponds to the process

Z(t) = ¢ (w (1) (X, ). (7)

Here p~1(-) is the inverse function of p(-) and
; 8 -
== A
Jzlm A) = 5 ; log f(z]p, A)

is the score of X with respect to parameter u (f is the density of X after
reparametrization from 8 to ). Starting from fi; = m we write the general-
ized sequential credibility formula as follows

ﬁ'n = Jan—l - a'np'(”_l(ﬁn—l))j(a;ﬂlﬁn—l! A)' (8)

4



djay


For the EDF we have, from (5) and (7), that
Z(t) = At~ X)
and then (8) has the form fi; = m,
fin = Pt = On(ftyy — Tn). (9)
Taking into account that
1

Tpn =Tp-1 — E(f_ﬁn—l - xn)

it is straight forward to establish that (9) is equivalent to (3) with o, = na,.
2 Scale Dispersion Family

Let P, be a member of SDF, i.e. be of the form (1). Then one straightfor-
wardly obtains

ooy ()
b= p(f) = =5,

where 115(A) is the expected value of (1) for § = 1, i.e.,

o) = Bocp X = () [ expQu(a)ds (10)

For SDF we write down the process Z(t), described in (7),

Z(t) = Amu'(m-’-‘&gi\l), (11)
and the sequential formula (8)
B = Py — Gl (2, 202y, (12
n—1 :

For some distributions the process Z(t) is equal to -Azv’ (xﬁﬂg)-) and con-
sequently the sequential formula takes the form

i'\‘n = J&nul + an)\:rﬂu'(mng;g@) (13)

Hau—1
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3 Convergence of the sequential procedure

A full list of conditions guaranteeing the convergence of (6) to the true value
7 can find in Landsman and Makov(1999a). In this section we consider only
three conditions: Two on the gain sequences

Cir:3 o, n = 00,
: 022200 0,2<OO,

n=] “n
i.e., that the gain sequence should decrease to zero as an harmonic series,
and the most difficult condition to verify |

Cs: {t:a<|tl£rf|<e-1}(t —T)g(t) > 0, foreache >0,

which implies, in fact, that g() has only one root 7. Based on these condi-
tions we can now state the following theorem.

Theorem 1 Let u(z) in (1) be concave (convez), twice differentiable and
for any k > 0, zu/(kz)? , and zu"(kx) be integrable with respect to the mea-
sure exp(Mu(z))dx. Then for the gain sequence, satisfying conditions Cy, Ca,
sequential procedure (12) (or (13)) converges a.s. to the fair premium p.

Instead of the concavity (convexity) of u(z) one can assume that i(x) =
u(exp(x)) is concave (convez).

Proof. The only condition needed to establish convergence is condition
Cj;. From (11) we have

o(t) = Aa(3) [ (cH) explru(st))da, (14)
Changing variables in the integral (14) and denoting k = i/t we obtain
o(t) = 5(k) = a2 [* (ko) expOu(e))d (15)
0

The conditions of the Theorem allow us to differentiate the integral in
(15) with respect to k under the sign of the integral and for concave u(z)
(convex) to obtain

§(k) = Aa(/\)ﬁ% fom zu” (kz) exp(Au(z))dz < 0 ( > 0)

6
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for any k. Then §(k) has only one root &k = 1, and consequently g(¢) has only
one root ¢t = u. Oy is proved.

If u(z) happens not to be concave (convex), but (z) = u(exp(z)) is
concave (convex), then denoting p = In k and replacing the variable z in the
integral in (15) to a new variable of integration z = In z we obtain

gtt) = Do) [~ #(z-+ p) expOu(z))d.

-0

As ii(z) is concave (convex), the function

0le) = [ e+ p) etz

whose derivative for any p € R

60 = [ @+ p)emalz)dz <0 (>0)

o0

has only one root p = 0, and consequently the function g(t) has only one root
T = puexp(~p)p=0 = . Condition Cj; is established and thus the Theorem
is proved. m

3.0.1 Examples

e Lognormal distribution is SDF with u(z) = —£ In® z. Then since

i(x) = —%mz

is concave, Theorem 1 holds.
e Fergusson’s Family (see (2)) is SDF with w(z) = ylnz — z7. Then
i(w) = vz — exp(ya),

and for any v # 0 and z € R, %"(z) = —y2exp(yz) < O and thus
Theorem 1 holds.
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4 Stepwhise optimal gain sequence

In Landsman and Makov (19992} it was established that for members of the
EDF, the linear sequential credibility formula (9) coincides with the classical
credibility formula if the gain sequence a,, is optimal with respect to it’s rigk
for any step n. Such a property was called a stepwise optimal gain prop-
erty. For the LDF, whose members, except the normal distribution, are non
members of the EDF, such principle was modified to the so-called first order
stepwise optimal principle. Now we adopt it for the SDF.

Under conditions of Theorem 1 and Taylor expansion we obtain from (13)
for n — o0, '

z2 A A
o=t = (g = 0+ 0N o a2 — (3,202
+0p(@n(pin—y ~ 1)), (16)
taking into account that for u # 0,

M —1= Op(lu - :u‘n—l)'

|3 -] 74
Ignoring the last term in the right hand side of (16) we obtain the recursion
2 A A
== (e — (L + %A-ﬁpo(x)u"(xn&ﬂf-rl)) — andzad (P
(17}

which we call the first order approximation of (16).

Let E, (-} be expectation for given parameters u, A; E,(-) be the ex-
pectation with respect to measure 7{u)dP, sdp with prior density m(u) of
parameter p, given A, and

Roo= By(ty = 0 = [ Bt — 0
the Bayes risk 4.

Definition 1 A gain sequence {a,} is called the first order optimal stepwise
gain sequence if it minimizes (Bayes) risk R, of u}, at every step n .

8
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Denote by

I = X2a()) j; ” zu'(z)? exp(Mu(z))dz = —Aa(N) /0 ” zu” (z) exp(\u(z))dz
(18)
By=Xa) [ a4 (o)" exp(hufa))d (19)
0
and
Dy = Ma()) / ~ ' (z)u" () exp(Du(z))dz. (20)
0

I, is the Fisher information about parameter @ at point # = 1.
We now establish the first order optimal stepwise gain sequence

Theorem 2 Suppose that the random variable u has a finite variance V(p) =
f (p. m)2w(0)df and denote by E(u?) = [ u(0)*w(0)d and OV (y) =
vV /m the coefficient of variation. In addition to the conditions of The-
orem 1 let the function z3u"(z)? be integrable with respect to the measure

exp(du(x))dz. Then starting from p = m(1+ CV(u)?), the first order opti-
mal stepwise gain sequence takes the form

tio(A) Rn1
e 21
Ey? + kRpy (21)
where
k= By/I) (22)
and the corresponding Bayes risk
Eyan._l
= w— ) 23
Rn K:Rn_l + Ey’g +O(R'n—1) ( )

If Dy = 0 the first order optimal stepwise gain and risk sequences take the
form (21), (28) starting from any point uj.

Proof. For the proof of Theorem we prove the following lemma.

9



djay


Lemma 1 Under conditions of Theorem 2

Explpy, — ) = 0, (24)
if starting point uf = m(1+ CV(u)?). If Dy = 0, (24) holds for any starting
point pg.

Proof. As p;,_, and z, are independent we can write from (16)

By upn = ) = pBy (g — )1 — a L), (25)

_A
" Ho(M)
taking into account that
o)

L

Because I, doesn’t depend on u, we obtain after integrating both sides of
(25) with respect to prior measure m(u)dp,

Epx(zot' (z, )) = 0. _ (26)

Ex(iit — ) = (1—-a,.ﬁr)mm(n;_l — ). (27)

The sequential calculations gives

n

Buslo =) = J1(0 - oy I Ban = ) =
I~ aﬂ--ﬂo—’(‘;-)-m(nam — E4)

Starting from g = m(1 + V(u)/m?) = Eu?/m we obtain (24). m

Return to the proof of Theorem. Squaring the both sides of (17), using
(26) and again taking into account that u} , and z, are independent, we
obtain

I B, 2, .2 Bx o
Ea(uh—-p? = (1-2 + a2 E, (g + a2 I
p.,)\(:u' ].L) ( a'ﬂ-‘u'o()\) (A)g) 1A (lu' 1 [.6) #0(/\)2“ A
D
—2aim§'j§#Eu,A (Hp-1 — 1) (28)

10
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As I), By, Dy do not depend on u, after integrating the both sides of (28)
with respect to measure 7(u)dy we obtain

: I B
R, = (l—-2a,~—2— 4+g2—2 5 ) Rt -I—Gi-_{)‘___Epz

Dﬂo(«\) " po() Ho(A)?
—-2aimf)5Ea(#(ﬂ;_1 -u)
If Dy=0
={1— Iy 2By 2_I_A__ 2
i = (= B O T O Pt B (09

if D, # 0, and a starting point u§ = m(1+CV(y)?), from Lemma 1 we again
have (29).

Setting the first derivative of the right part of (29) with respect to a,, to 0
we obtain (21). Substituting this optimal a, into (29) we straightforwardly
obtain (23). =

Following Landsman and Makov (1999a) we modify the risk and gain
sequences, dropping the second order term on the right hand side of (23).
Then the modified stepwise optimal gain and risk sequences are, respectively,

En?
{ R= By, n=12

...................... (30)
Ry = Ro = Ex(p — 11)?,
and
. Ho(A) )
— L A ——— — “res 31
ay Eﬂ-z i K:R;_l Rm—l: n 1>2$ ( )

We now establish the modified first order stepwise optimal gain and risk
sequences.

Theorem 3 Under conditions of Theorem 2 suppose that V, ,(X) < oo.
Then the modified first order stepwise optimal gain and risk sequences are

Ry

o R eV + 1

(32)

11
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|

a* = ﬂ'{}(/\)

et oVa(X) By’ n=12..,
where
Ho(A)?
€y = ———F—r 33
Vi (X) (33)
Proof. From (30) and (31) we obtain
1 K 1
B B2 TR
R, B R,
and
O ) Y . C.) R " 1 0.
" k+EBEp?fRy | 2+ Eud/R , ni+ Ep?[Ry’
The proof of Theorem follows since
u?
VP:A(X) = WW‘D(A):A(X)’

and then Ep? = ¢\ VA(X). m

Remark 2 If under conditions of Theorem 2 the distribution of the claim
size X i3 heavy tailed in the sense that V,, A(X) = oo, but the prior distribution
of mean p has o finite variance, i.e., Vi(1) < oo, then the modified first order
stepwise optimal gain and risk sequences can still be calculated by the formulae

Ry
nkRy/Ep? 4 1’

R: =

o = oY)

“—mnn+Ep2/&’ n=1,2,...

The following theorem clears the relation between &,Iy, and V' and is
important for comparing the risks of the sequential quasi-linear and the
linear procedure.

12
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Theorem 4 Under the conditions of Theorem 2
k2 In 2 Vo (X)) (34)

and equality k = I = Vo) (X)™ holds iff X is a Gamma distributed
random variable.

Proof. The left inequality in (34) follows from Cauchy-Schwartz inequal-
ity, (18), (19) and (22) as follows

IZ = (a(\) / mm2u” () 1'-e:*:p(,\'u.(m))a!:r)z

< )\2a()\)f i 3)2 exp(Au(z))dz - a(X) /ooo %exp(,\u(:r))dm = B,

Moreover the equality in (34) holds iff

2 (z) = ¢ a.s.,
where c is some constant. As u(z) is twice differentiable it should have (after
a double integration of ¢/z?) the form

w(z) =alnz + Bz + 17,

where «, 3,y are some constants. That means that a(A)L exp(Au(z)) is the
density of the Gamma distribution.

The right inequality in (34) follows from the well-known Rao-Cramer
inequality (see, for example, Zacks (1971), Sect. 1.4). m

As a result of the section we obtained the recursion

f_ s At () i (N

Hp = Hnog nn"‘c,\"/A(X)/R{) (mﬂ #n— )) 23" (35)
a _ m, if D,\ =0

by = { m(l+ CV(1)?), if Dy 0’ (36)

= V(u), if Dy =0,
Ry = { V()L +OV(a), i Dy #0,

for a finite variance claims distributions, and for heavy tailed claims distri-
butions in the sense of infinite claim variance, the recursion (35) is modified
to be

. P Apg(A) 1. o)
= —— T n=12. 37
I-I’n "Ln.—l K E#Z/RO wﬂ’u’ (mﬂ ﬁn_l )! e ( )

13
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We call both of these recursions the sequential quasi credibility formula.
As a comparison we give the linear sequential credibility formula, which
follows immediately from the traditional credibility formula (of the Btthlmann

type, Bithlmann, 1967) for the EDF (see Landsman and Makov (1999a}, (8),
(31) ).

> A
AT WA V() Pt ~ B =12, (38)

P == ﬁn—-l_
i‘}‘ﬂ = m,

We can see that (35) is the generalization of (38), where in the denominator
the coefficient multiplying n is & instead of \. It tunes the score of the cur-
rent claim for the sake of predicting the next one. The coefficient multiplying
VA(X)/Ro is ¢y instead of ). Let us recall that V;(X) and V(u) are called

respectively (Young (1996)) the expected process variance and the variance
of the hypothetical means. ‘

Remark 3 Performing the Bihlmann credibility formula (cf. (38)) one
doesn’t need the full information about the prior density. It is enough to
know only 2 moments:

VA(X) - the expectation of process variance and

Ry = V() - the variance, corresponding to the prior of p.
The sequential quasi credibility formula (85) preserves this property.

As a matler of fact V(u), the collective (or "industry”) variance may be
known a priory. If not, it can be estimated from portfolio data in a way
similar to the Bihlmann empirical Bayes approach.

Remark 4 From Theorem 4 we can see that for non gamma claims the
modified Bayes risk R}, (see (82)) of the sequential quasi linear procedure

(87) is less than the Bayes risk R, of the linear procedure (38) , which is
equal to

'n,l 1
B m R

(see Landsman and Makov (1999a), Remark 8). In fact, for given )\, SDF
can be easy reparametrized such that py(A) becomes equaled to 1, i.e., one can
rewrite (1) as follows

dPy = a(M)z~! exp(Mi(fz))dz, z € R,

) (39)

14
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where %(z) = u(ig(N)z), and 0 is a new scale parameter. Since ¢y < (cf.

(38), (34))

1
R, > (E;%T(Lj{—) + }—?;)_1 = Ry, (40)

The equality in the left hand side of (40) holds only for gamma claims.

Formula (37) can be used for the cases for which the exact linear credi-
bility (38) does not exists.

5 Applications

5.1 Gamma claims

Recall that Gamma distribution is a member of the SDF with u(z) = Inz—z.
Then from (10} we have uy(A) = 1, V,, iy (X) = 1/)\. From (18)-(20) it
follows that I, = X, By = )%, Dy = 0, consequently

k= B,\/IA = I,\ = VLU()\),)\(X)“l =G = A

(cf. Theorem 4), and the sequential quasi credibility formula (35), (36)
takes the form of the linear sequential credibility formula (cf. Landsman
and Makov (19992), (8), (31) ).

5.2 Fergusson’s family

Let us apply our quasi credibility formulae for the Fergusson’s class of dis-
tributions given in (2}, which is SDF with

w(z) =ylnz — 7.
Then from (2) one straightforwardly gets
_TA+1/9) _TOT(A+2/9)-T(A+1/7)*

= X
and consequently from (33)
ey = (DA 2/9) v 41
&= Oy = T+ 1/7)2 o7 “y

15
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From (18)-(20) it follows that
L=X By=M (M +(y-1),
and consequently
K=+ (y = 12
Let us write the sequential quasi credibility (35) for this family

) A \ .
= Hp-1— ‘n(/\’Y2 + (,}, — 1)2) + Ca\,'y.v)\(X)/R{) ‘Y(lu’ﬂ—l - P’O(A)qm /.u'n—i))
(42)

with ¢, given in (41). Notice that for gamma distributed claims, v = 1, and
(42) coincides with (38).

fin

Example 1 The Weibull family has v > 0 and X = 1 (see Table 1). Then
ko= 4 (r-1)
1
Ju'O(l) = F(:Y-+1),

2 1
Vi1 (X) = PC+1) =T+ 1)*

2
ay = +1)/T(=+1)2 — 1)1
1y cv((,Y )/(,Y Y -1
and the sequential quasi credibility (42) takes the form

y N
WP = D) F e R et T T TR ”"-1();3)

f!’n = u&n—l -

where V,(X) is the expected process variance for given .

5.3 Lognormal claims.

Lognormal claims are SDF with u(z) = —% In? z. Then we straightforwardly
obtain

Ho(A) = exp(1/(2X)), Vi (X) = exp(1/A)(exp(1/A} - 1)

16
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and then from (33) we have
& = {exp(1/X3) - 1)

From (18)-(20) it follows that Iy = )\, By = A(1+ ), and then
k=B\/I,=(1+ ).

To the end we can write from (35) the sequential quasi credibility formula

~ A

Hn = fyp_1—

A ~
A ) V3OO (07 = DB (et ~ 1820 = 1/2)

6 Numerical Example

Given 30 claims from Weibull-Gamma experiment: 39.757, 35. 846, 48.797,
1420.9, 2836.6, 66.781, 949.8, 5156.9, 1492.6, 454. 65, 309.63, 2458.8,
9762. 4, 2547, 7 2313.4, 2027.2, 535.74, 70.119, 811.6, 4360. 1, 1208.3,
3782.1, 3152.1, 2559.7, 127.93, 21997.0, 357. 61 1442.7, 140. 05 5283.
3 on some scale, say $s In partlcula.r these data are the realization of
Weibull distribution with -« = 0.8, where p is being the realization of Gamma,
distribution with mean m = 3000, and variance V(i) = 5002 = Ry. Then

I'(1/0.8 4+ 1) = 1.133,¢,V,(X)/Ro = 37 and the sequential quasi credibility
formula (43) takes the form

0.8
" B 757 Bt
Asc'=(T (; +1)}/T(2 + 1) - 1) = 1.5889, V,(X)/Ro = 58.789, and the
linear sequential credibility formula is of the form (see (9))
1 .
T T a555 (Pt ~ Zn)
For a comparison of the two credibility formulae we calculate the sample
mean of the predicted errors subtracted by sample variance S? = 1.65 x 107,

the estimator of the fixed component of the mean squared predicted errors
(see Landsman and Makov (1999a), Remark 2),

fo = i, 1.105 1z08 /108y, (44)

ﬁﬂ- = Jan—l (45)

_g = 60225, for formula (44)
29 Z B’ 107838, for formula (45).

=2

17
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and sample variances of the predicted values

(3,) = i 7y = { 522822, for formula (44)
n) por 7301.76, for formula (45) °

where % = 1/30 Y5, ji;, We can see that with respect to both measures
the sequential quasi credibility formula is superior to the linear sequential
credibility formula,
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